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SHINTANI FUNCTIONS ON GL(2,C)

MIKI HIRANO

ABSTRACT. In this paper, in analogy to the real case, we give a formulation
of the Shintani functions on GL(2,C), which have been studied by Murase
and Sugano within the theory of automorphic L-functions. Also, we obtain
the multiplicity one theorem for these functions and an explicit formula in a
special case.

1. INTRODUCTION

Various models for admissible representations of algebraic groups are closely
connected with the theory of automorphic forms and automorphic representations.
For example, the Whittaker model plays a central role in the theory of automor-
phic L-functions, and has been studied in the contexts of both number theory and
representation theory.

The (Whittaker-)Shintani model studied in the papers of Murase and Sugano
[8]-[10] is also interesting (see also [4], [7], [12] at the real prime). In [I0], they
defined the local and global Shintani functions on GL(n) related to the subgroup
GL(n—1)x GL(1) embedded diagonally in GL(n), and obtained a new integral for-
mula for the standard L-functions. Also, they proved the multiplicity one theorem
for the local Shintani functions at the finite primes. However, they did not consider
the multiplicity of the archimedean local Shintani functions, which are connected
with the gamma factors of L-functions.

In this paper, in analogy to the real case [4], we define the Shintani functions
on the real reductive group G = GL(n,C) as follows. Let H be a subgroup
{diag(g0,9) | (90,9) € GL(n —1,C) x GL(1,C)} of G, and let K ~ U(n) be a
maximal compact subgroup of G. Moreover, let (1, F,) be an irreducible admis-
sible representation of H, and let 7* be the contragredient representation of an
irreducible admissible representation m of G. We consider the intertwining space
Zyx = Homge (%, C*Ind$ (1)) between (g©, K)-modules and define a Shintani
function of type (n,7) to be a function in its image in the representation space
Cp°(H\G) of C* induced representation C*Ind (n). Here C;°(H\G) is the space
of C*°-functions F' : G — F,, satisfying F'(hg) = n(h)F(g) for all (h,g9) € H x G.
Also we consider the restriction

Z,~ — Homg (7", C‘X’Indg(n)) = C;?T(H\G/K)
of Z,, » to the minimal K-type (7%, V,~) of 7%, where C2° (H\G/K) is the space of

T

C>®-functions F : G — F, ® V, satisfying F(hgk) = (n(h) @ 7(k)~1)F(g) for all
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(h,g,k) € HxGx K. A Shintani function of type (n, ;) is defined to be a function
in C°, (H\G/K) that belongs to the image of the above map. Our definition
coincides with that in [I0, section 5.5] in the case where 7 is a class 1 irreducible
admissible representation of G and 7 is an irreducible admissible representation of
H which is compatible with the central character of 7w and is trivial on KN H. Also,
we can regard the Shintani functions for n = 2 as constituting a generalization of
the Og-model for 7 considered in the paper of Waldspurger [I3, Chapter IV].

In this paper we present a case study of the Shintani functions on GL(2, C). The
main theorem is the following multiplicity one theorem, which does not hold in the

real case [4].

Main Theorem (see Theorem 5.6). Let n be a quasi character of H = GL(1,C) x
GL(1,C), and let w be an irreducible non-unitary principal series representation of
G = GL(2,C). Then the space of the Shintani functions of type (n, ) is not trivial
if and only if ™ coincides with n on the center of G. Moreover, for such (n,m) we
have

dimZ, , = 1.

Our proof of this theorem consists of two parts, that of uniqueness (§4) and that
of existence (§5). The former is a generalization of the proof by Waldspurger [13]
Proposition 11] to the case of arbitrary quasi characters n of H. To prove existence,
we construct a non-zero element in 7, . using a certain integral transformation
which we call the Poisson integral (This is also sometimes referred to as the Poisson
transformation; cf. [3], [LI]). Moreover, using a system of differential equations
that is derived from the action of the center of the universal enveloping algebra
of g©, we obtain an expression for the Shintani functions of type (1, 7;7) in terms
of Gauss’s hypergeometric function in the case where the minimal K-type 7 of
7 is 1-dimensional (Theorem 6.6). Just as in the real case, we can prove that
a particular set of differential equations characterizes the space of the Shintani
functions (Theorem 6.7).

The author expresses his gratitude to Professor T. Oda for his valuable guidance
and to Professor M. Tsuzuki for helpful discussions.

2. PRELIMINARIES

2.1. Groups and algebras. Let G be the real reductive Lie group GL(2, C), and
let 6 be an involution defined by 0(g) = 'g~! (g € G). Then the set of fixed points
of 6 is K ~ U(2), which is a maximal compact subgroup of G. Next, let us define
an involutive automorphism o of G by o(g) = JgJ (g € G), where J = diag(—1,1).
Then o = 06, and the set of fixed points of o is H ~ GL(1,C) x GL(1, C); i.e.,

H={g€G|o(g) =g} = {diag(hi, h) € G|h; € C*}.

Now, let g = gl(2, C) be the Lie algebra of G. If we denote the differentials of ¢
and o by the same symbols 6 and o, then we have (X) = —*X and o(X) = JXJ
for X € g. Let us write the eigenspaces of 6 and ¢ in g as

t={Xeglo(X)=X}, p={XegldX)=-X},
h={Xeglo(X)=X}, g={Xeg|o(X)=-X}
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Then

tE=RX1®eRXo8RX;BRZ;, p :RY1@RY2@RK3@RZ;J,
h=RX;oRY1 ®RZ: DRZ,, q=RX;®RX3®RY2®RY3,

(7 0 (0 1 (0 J 7 0
Xl = (0 _]) ) X2 - (_1 O) ) X3 - (] 0) ; Z? (0 j) )
(10 (01 (0 (10

where j2 = —1. Therefore we have the decompositions g = €@ p = h ® q. We note
here that £ is the Lie algebra of K and b is that of H.

Next, let
coshr sinhr
A= {a,« - (sinhr coshr) €G
Then a is the Lie algebra of A and is a maximal abelian subspace of p N gq. For
every n € Z, define g, = {X € g|[Y2, X] =nX}. Then

with

TER}, a=RY5.

go=a0dRX;®RZ: ®RZ,, g2=R(X2—-Y1)dR(X1 - Y3),
g_2 = 0gs and g, = {0} for n #0, +2.

For a Lie algebra b, we denote by b® the complexification b ®g C of b and by
U(b%) the universal enveloping algebra of bC.

2.2. Integral formula. Here we present an integral formula which we need in §5.
Let NpApMp be the Langlands decomposition of the upper triangular subgroup
P of G, and let us decompose g € G according to G = NpApMpK as

g =n(g)exp H(g)u(g)r(g)-

On Np and Np = 6(Np) we fix Haar measures dn and dn normalized by 7 = 0(n)

(n € Np) and
/ e?PHM dp = 1.
N

Here p is the half sum of the roots of (ap,g) (ap = Lie(Ap)) that are positive for
Np, and it is given by p (diag(t1,t2)) = t1 —t2. Now, let dk be the normalized Haar
measure on K with total measure 1. Then we have the following:

Lemma 2.1. For f € C(K) left invariant under Mp, we have
[ s = [ o) ®an
K Np

= [ gy oar.
K

This formula is well known. See Knapp [6l pp. 140 and 170], for example.



1538 MIKI HIRANO

2.3. Representations. In this subsection we recall the representation theory of
K, H and G.

Define t; = RX; & RZ;. Then t; is a Cartan subalgebra of £. Next, define
T = %(Zg + X1) and T = %(Zg — X1). For a linear form (3 : t(ec — C, we write
B(T;) = /—=18; € C and identify 3 with (31, 32) € C2. Then the set A of roots of
(t5,€C) is given by A = {£(1,—1)}. If we denote the root space for 3 € A by &g,
then we can take %(ng —+v/—1X3) as a basis of ti(1,—1)- We fix a positive root
system AT = {(1,—1)}. The set A = {A = (A1, X2) | \i € Z,\1 > A2} parametrizes
the A*-dominant integral weights, and thus it also parametrizes the equivalence
classes of irreducible finite dimensional representations of K, as can be seen from
the highest weight theory (cf. Knapp [6] Theorem 4.28]). For each A = (A1, A2) € A,
write dy = A1 — X\ and let V), = @zig* Cuv? be a (dy + 1)-dimensional vector space
with a basis {v}}o<i<a,. Now let us define the action 7 of £ on V) by

™(X1)v} = (20 — dy)V—1v},

™ (Ze)v} = (A1 + A2)V =107,

2 (Xo — V=1X3)v) = 2(i + 1)v{\+1,
(=X — V=1X3)v} = 2(dy — i + 1)v 4,

Here it is understood that v}, = UQ‘AH = 0. Then 7, can be globalized to K. The

for 0 < i < d,.

basis {0} }o<i<a, is called the standard basis of V.

Let us consider the vector space p© as a K-module with the adjoint representa-
tion. If we write pg = CY; @ CY, @ CYs, then p€ = ps @ CZ, gives the irreducible
decomposition of p. Clearly, we have the isomorphism ps = V) with A = (1,-1)
through the correspondence w; — v;* (0 < i < 2) of the basis {w;} and {v;'}, where

Y+ /1Y _ Y4 V/1Y,
2 2
Also, we have CZ, = V(g ). For a given irreducible K-module V\ with A € A, the
tensor product V) ® pg has the following irreducible decomposition:
\®ps =Vaq,-1) ©VA® Vaya,—1), fordy>2,
VN®@ps ZVAd Vi, -1, for dy =1,
Vi®ps = Vaia,—1)s for dy = 0.

wo , wy =Y, wa

For each s = (s1,52) € C? and k = (k1,ks) € Z2, we define a quasi character n*
of H by

¥ (diag(h1, ha)) = Ky h52|he " 7F [ho|*2 7% diag(h1, ho) € H.
Clearly, {n*|s = (s1,s2) € (V=1R)?, k = (k1,k2) € Z?} constitutes the set of all
unitary characters of H. The differential of % is given by
N9(X1) = (k1 = k2)V=1,  n{(Y1) = s1 — s2,
15 (Ze) = (ky + k)V=1,  1J(Zp) = 51+ s2.

Let P = NpApMp be the upper triangular subgroup of G, as above. For each
I = (I1,l3) € Z% and z = (21, 22) € C2%, we define 0; on Mp and v, on ap by

oy (diag(e1,e2)) = 51115122, diag(e1,e2) € Mp, ¢, €C, e =1,

v, (diag(tl, tg)) = 21t1 + 2ot9, diag(tl,tg) € ap, t; € R.
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Then we can construct a representation 7' = Ind%(1y, ® expv, ® ;) of G which
we call the non-unitary principal series representation. A dense subspace of the
representation space is

{f € C¥(G) | f(nama) = =718 gy (m) f ()}

with norm
1912 = [ 7@,
K

and G acts by 7l(g)f(z) = f(zg). From the Frobenius reciprocity theorem, we
have the following K-types of 7':

T E;io T(li4d, la—j) if Iy > I,
7TZ|K = 00 T
Ej:O T(ly+j, l1—75)s if [y < ls.
The representation 7! is reducible if and only if the parameters z and [ satisfy
|21 — 22| = k+ 2 and |l; — 2] < k for some non-negative integer k. If 7l is

irreducible, we have the equivalence 7! ~ 7l with z = (29,21) and | = (Iz,11).

The representation 7/ with z; € /—1R is unitary and is usually called the unitary
principal series representation of G. If the parameters z and [ satisfy z1 + 22 €
V=IR, =2 < z; — 23 < 0 and [y — Iy = 0, then 7 is infinitesimally unitary, and its
unitary version is called the complementary series representation. The irreducible
unitary representations of G are exhausted by these two series, together with the
unitary characters. In particular, G has no discrete series representations.

In the following sections, we use the same letter to denote a given representation
and its underlying (g®, K)-module. Also, we define s’ = s; — s9, k' = ky — ko,
2/ =21 — z9 and I’ = l; — I3 for brevity.

3. SHINTANI FUNCTIONS AND RADIAL PART

3.1. Shintani functions. Let n be a quasi character of H. Consider the C'°°-
induced module C*Ind% (n) with the representation space
C(H\G) = {F € C™(G) | F(hg) = n(h)F(g). (h,g) € H x G}

on which G acts by right translation. Then C2°(H\G) has the structure of a smooth
G-module and a (g€, K)-module.

Then let us consider an irreducible Harish-Chandra module IT of G and the
intertwining space

T, = Homge gy (IT*, C*Ind ()
with its image

Sy = U Image(T).

TEIV,,,H

Here IT* is the contragredient (g€, K)-module of II. We call ¢ € S, 11 a Shintani

function of type (n,II).
For any finite dimensional K-module (7, V;), we define C;° (H\G/K) to be the
space of smooth functions F' : G — V. with the property

F(hgk) = n(h)T(k) "' F(g), (h,g9,k) € Hx G x K.
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Now, let us consider a finite dimensional K-module (7, V;) and a K-equivariant
map i : 7" — II*| k. Here 7* is the contragredient module of 7. Moreover, let i* be
the pullback of . Then the map

Ty &, Homg (7%, C‘X’Indg(n)) = C;’?T(H\G/K)

gives the restriction of 7' € Z,, i1 to 7%, which we denote by T; € C)° (H\G/K).
Finally, define

Syn(r) =T, TeZn

We refer to ¢ € S, n(7) as a Shintani function of type (n,IL; 7).

3.2. Radial part. Let us write the centralizer and the normalizer of a in K N H
as Zrxnp(a) and Ngng(a), respectively. Then

KnH= {diag(ej‘gl,ejGQ) |6; € R} , Zrnm(a) = {diag(ej‘g,ej‘g) |60 € R} ,

and Nxng(a) = Zxnp(a) UwoZiknm(a). Here wy = diag(1l,—1), and woZrxnm(a)
is the unique nontrivial element of the quotient group W = Ngng(a)/Zknn(a).

For each pair consisting of a quasi character n of H and a finite dimensional
K-module (7,V;), let us denote by C$(A;n,7) the space of smooth functions ¢ :
A — V. satisfying the following conditions:

(1) (n(m)r(m))e(a) = ¢(a), m e Zxnu(a), a€ A,
(3.1) (2)  (n(wo)(wo))p(a) = ¢(a™t), a€A4,
3)  (nD7D)e(1) = (1), le KNH.

Lemma 3.1 (Flensted and Jensen [2, Theorem 4.1]). (1) G = HAK = HATK,
where A* = {a, € A|r > 0}.
(2) The set C:° (H\G/K) is in bijective correspondence, via the restriction A,

n,T
with the set C3(A;n, 7).

Let (7,V;) and (7/,V;/) be two finite dimensional K-modules. Then for each
C-linear map u : C° (H\G/K) — Cp°,(H\G/K), we have a unique C-linear
map R(u) : Ci9(A;n, 7) — Cp(A;n, 7') with the property (uf)|a = R(u)(f|a) for
[ € CY(H\G/K). We call R(u) the radial part of u.

4. UNIQUENESS OF SHINTANI FUNCTIONS

Let IT* = 7l be an irreducible non-unitary principal series representation of G,
and let 7 = 1% be a quasi character of H. In this section, we prove the following
proposition:

Proposition 4.1. Let II and n be as above. If the space of the Shintani functions
is not trivial, then the parameters s, z, k, and l satisfy the condition

(41) S1 + 89 = 21 + 29, ki 4+ ko =11 +1s.
Moreover, we have dimZ, 1 < 1.

Proof. Similarly, to the proof for the Og-model in the paper of Waldspurger [I3]
Proposition 11], the following lemma is essential.
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Lemma 4.2. Let H! be the representation space of w.. Then, up to constants,
there exists at most one linear map L on HL satisfying the conditions

L(rL(Y1)v) = s'L(v), L(7(X1)v) = k' L(v),
L(wL(Zp)v) = (s1+ s2)L(v), L(xL(Ze)v) = (k1 + k2)L(v)
for each v € HL. Moreover, if such L exists, then the condition (4.1) holds.

Proof of Lemma 4.2. The validity of the latter assertion can be seen immediately
by considering the action of the center of g© on H.. With regard to the former

assertion, for simplicity let us assume l’ > 0. Then we have 7l|x = >°°_ 7, with
Am = (L +m, Iy —m), and 7t (X1)v}™ = (20 — I — 2m)y/—Tv}™ for the standard

basis {U?’”}ogigdm of Vj,,, from §2.3. Using the irreducible decomposition of
Vi, ® ps and the fact that H is abelian, we can prove the relation

ml(Y1)om = 7{\?102\:”1_(17_1) + ’Y{\,o ;" ’Yz 1 ”zflﬂl Y
with some constants 'y i7" such that fyl m £ 0.

Now let L be a linear map satlsfylng the conditions in the lemma. Then we have
L(7 (X 1)v)™) = K L(v}™) = (20 = — 2m)y/=1L(v}™). Therefore, L(v;™) = 0 for
i #i(m) = H'k%m, and L is determined by its value L(v (’")) for each m > 0.
Furthermore, we have

L( -(Y)v z(m)) = SIL( z(m))

)\m. ’\"'L7(17 ) m m -m /\m“"(lyfl)
= Yitmy,—1 L) )4‘%(m) oL(v z(m)) T Vit LW )

Therefore, each L( )) is determined inductively from L(v z(’m )) where mg is the
minimum value of m such that I'4+-2m > |k’|. Hence L is unique up to constants. [

Now we return to the proof of the proposition. First, we note that for each
t € I, 1, the evaluation map v +— t(v)(1) at the identity for K-finite v € H. is
a linear map satisfying the conditions in Lemma 4.2. Next, let ¢ and ¢’ be two
elements in Z, r7. Then there exist some constants ¢ and ¢’ with (¢, ¢’) # (0,0) such
that ct(v)(1) = ¢/’ (v)(1). In analogy to the argument in Knapp [0, §3 of Chapter
8], we have ct(v)(g) = ¢'t'(v)(g) for g in a neighborhood of 1, and hence, for
every g € G, because t(v)(g) is real analytic on G and the formula ¢(7l(D)v)(g) =
Dt(v)(g) holds for each D € U(g®). The uniqueness of the Shintani functions is
thus demonstrated. g

5. EXISTENCE OF SHINTANI FUNCTIONS

5.1. Poisson integral. In this subsection, we introduce an integral transform,
which we call the Poisson integral, in order to construct an element in the inter-
twining space Z, i1 for an irreducible non-unitary principal series representation
II* = 7l and a quasi-character n = n*.

First, we have the following lemma, which provides a H x P-double coset de-
composition of G.

Lemma 5.1.
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ol - 2o

is the unique open H x P-double coset in G.

In particular,

0}

Proof. This decomposition is a direct consequence of the Bruhat decomposition of
G, since (13) = (§1)(%4). The second assertion in the lemma is clear from the
relations

R (L T I (!

For the parameters s, z € C? and k, | € Z? satisfying (4.1), we define a function
&(g) = &(s,k;2,1)(g) on G as follows:
(1) The support of £ is 2.
(2) &(hgp) = nk(h)e=—P)18aq)(m)¢(g) with h € H, g € G and p = nam € P.
3) (i) =1
The function ¢ is unique, since H N P = H and the centralizer of (1}) in H is
{zI|z € C*}. We call this function £ the Poisson kernel.

O

Lemma 5.2. Fiz the parameter s € C?, and choose the parameters k, | € Z such
that Iy + Iy = k1 + ko. Also, define

X0 = {z = (21, 22) € C?|Re(21) > max(Re(s1),Re(s2)) + 1, 21 + 22 = 51 + s2}.
Then £(g) = £(s, k; 2,1)(g) is continuous on Xy x G.
Proof. To prove the assertion, it suffices to show that

(5.1) lim /)f(s, k;z,0)(g)=0

(z.9)— (.9

for each (2/,¢') € Xp x G\, since Xy x 2 is open and dense in ¥y x G and £(g) =0
for any ¢ € G\Q2. To demonstrate (5.1), let g = (‘ZZ) € Q and decompose g
according to H (1 ) NpApMp as

a b o hl 0 1 1 1 n a1 0 €1 0
c d o 0 hg 1 0 0 1 0 a9 0 35} ’
Then we have

he \* [ by \ ™2
f(g) = <m) (@) |h1|51|h2|826111€l22ail_1a§2+1

k k
=|h1[*|he|*?a a3 T x D\ (2 N
1 2 |h1| |h2| 1+2
hl k1 hQ k2
—la 21—82—1 ¢ z1—s1—1 det 22+l o Ell€l2 )
a1 e det ) ) () e

Thus (5.1) holds, since G\Q = {(‘; %) ‘ac = O}. O
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For each ¢ € 7! and the Poisson kernel & = (s, k; 2,1), we consider the Poisson
integral P(s, k; z,1; @), which is a function on G defined by the integral

Pls, ki 2 1) (g) = /K E(gk ) (k) d.

Lemma 5.2 implies that the Poisson integral P(s, k; z,1; »)(g) converges absolutely
for each z € Xo. Let C3°(Mp\K) be the set of C°°- functions f on K such that
f(mk) = oy(m)f(k) for all (m,k) € Mp x K, and fix $ € C3°(Mp\K). Then
the function z — P(s,k;2,1;¢.)(g) is holomorphic on Xq for fixed g € G, where
¢, € wL (2 € C?) is the extension of .

5.2. Existence of Shintani functions. Let us fix the parameter s € C2, and
choose the parameters k, | € Z? such that {1 + o = ki + ko. In this subsection,
we consider the analytic continuation of the Poisson integral P(s, k; z,1; ¢)(g) with
respect to the parameter z € C2. To do this, we use the local functional equation
for the Tate integral, as in the case of the Whittaker model (cf. Jacquet-Langlands
(5, §6]).

Lemma 5.3. Let z € Xy and ¢ € .. Then we have
Pls,k;zli)(g) = | &0 ")p(ng)dn.
Np
Proof. This follows from the integral formula in Lemma 2.1. O
From the isomorphism Np ~ C provided by the map # = (1 9) + 2 and Lemma
5.3, it can be shown that the Poisson integral P(s, k; z,; ¢)(g) is a constant multiple
of the integral

52) e 1) oG 2)o)e

over C, where dz is a Haar measure on C. If  # 0, then (}x (1)) € 2, and we have
the decomposition

(L D)=0 26 06 D)6 W) 6 wi)
ko—l2
(1, )= e (&) .+ wezo

0, ifx =0,

Thus

and the integral (5.2) becomes

53) v [ () () o) ae

We are now in a position to consider the analytic continuation of the integral (5.3)
with respect to the variable z.

Proposition 5.4. Fiz the parameter s € C? and choose the parameters k, | € Z?
such that l1 + o = k1 + ko, and define

X ={z=(21,22) € C?|Re(21) > max(Re(s1),Re(s2)) — 1, 21 + 22 = 51 + s2}.

Then the Poisson integral P(s, k; z,1; ) converges for z € X and has a meromorphic
continuation to all z € C? satisfying z1 + zo = s1 + S2.
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Proof. First, we demonstrate the equality
(5.4) P(s, ks 2, (g )0)(9) = Pls, ks 2, L 9)99),  9,9' € G
By definition, the left-hand side of this relation is equal to

/E(gk’l)ﬂi(g’)w(k)dk=/ &gk ")p(kg')dk
K K
- /K €99/ (kg') ) plhg')dk

:/K5<99’n<kg'>*1>sa<n<kg'>>e2pH<kg'>dk.

Since the integrand of the above integral is a left M p-invariant function on K, this
integral becomes

Pls, ks 2L ) (99') = /K £(gg' k") p(k)dk,

as can be shown using Lemma 2.1.

Now we return to the proof of the proposition. In view of (5.4), we may assume
that g = 1. We can think of the collection of the space 7. with z € C2 satisfying
z1 + 29 = s1 + s2 as a fiber bundle with base C. This fiber bundle is trivial, and
we can define a holomorphic section through

(5.5)

1
1 _ z1+1
PL0) = oyl el

z

det g
| det g

1
) /cx ®((0,t)g)wl (t)|tlcd*t, g€ G.

. : / v
Here @ is a Schwartz function on C2?, |t|c = [t]?, d¥t = ‘th’;, WLt) = |t? (ﬁ) ,

and L(s,w!) (s € C) is the usual Euler factor attached to w! defined by
e ’ I
O N (R )

The integral (5.5) converges only for Re(z’) > —2 but it has meaning for all z € C?
satisfying z; 4+ 2o = s1 + s2 as can be seen from the local functional equation of the
Tate integral.

For the section defined in (5.5), the integral (5.3) at g = 1 becomes

(_1)]62/(:'%'2175171 (%>k2l2
1 .

IO /C ({12, D)l () tlod"tdr = s

z

T ko—l2 t l1—ko
X // O(z, t)|x|[r 1+ (—) |t|7r 2t <—> d*td” z.
C* xCx || 2]

Here we have changed the variable z to t~'z. This integral converges only for
z € X, but it extends meromorphically to all z € C? satisfying z; + z2 = s1 + 5o,
as can be seen from the local functional equation of the Tate integral. O

Corollary 5.5. Let 1 = n* be a quasi character of H, and let II* = 7L be an
irreducible non-unitary principal series representation of G. If the parameters s, k,
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z, and 1 satisfy (4.1), then we have
dimz-mn Z 1.

Proof. With the assumptions of the corollary and Proposition 5.4, the Poisson
integral P(s, k; z,1; @) converges for each ¢ € IT*.

Now we prove that the linear map ¢ — P(s,k; z,1; ¢) gives a non-zero element
in Z,, 1. Clearly, the function P(s, k; z,l;¢)(g) on G satisfies the relation

P(s, ks 2,1;0)(hg) = n(h)P(s, k; 2,1;0)(g)

for any (h,g) € H x G. If we fix ¢ € II*, then the function g — II*(g)p
on G is smooth. Therefore the relation (5.4) shows that the right translation
P(s,k;z,l;0)(xg) by g € G is smooth and that the linear map ¢ — P(s, k; z,1; )
is an element in the intertwining space Homg(IT*,C*®Ind% (1)) between smooth
G-modules. For a given g € G, the linear form A, on IT* defined by A4(p) =
P(s,k;z,1;0)(g) is continuous with respect to the C*°-topology. In fact, the in-
equality

|—‘/§gk dk‘<0sup|so(>|

holds, where Cy = supjcx [£(gk™")|. Therefore the restriction of an element in
Homg (IT*, C*Ind% (1)) to the space of K-finite vectors gives an element in Z,, 1.
Finally, we demonstrate the existence of ¢ € IT* such that P(s, k; z,1;¢)(1) # 0.
First, note that since G = PK, the continuous function k +— &(k7!) on K is
not identically zero. Hence we can find a continuous function f on K such that
fK k)dk # 0. Here we may assume that f € C3°(Mp\K) by averaging
over Mp, fMp o1(m)~! f(mk)dm. If we consider the extension ¢ € IT* of f, then

Pls, ks 2,1 0)(1) = / (k!

/5 k)dk # 0.

From Proposition 4.1 and Corollary 5.5, we can state the multiplicity one theorem
for the Shintani functions which is our main theorem in this paper.

O

Theorem 5.6. Let 7 = n® be a quasi character of H, and let II* = 7l be an
irreducible non-unitary principal series representation of G. Then the space of the
Shintani functions is not trivial if and only if the parameters s, z € C? and k,
I € Z? satisfy (4.1). Moreover, for such parameters we have

dimImH =1.

Remark. From our construction of elements in Z,, 11 given in the proofs of Corollary
5.5 and Proposition 4.1, we have the identity Z, 1 = Homg (IT*, C*Ind$ (n)).

6. EXPLICIT FORMULA

6.1. Actions of elements in Z(g®). Let n = n* be a quasi character of H, and
adopt the standard basis {v} }o<i<a, of an irreducible K-module (7, VA) In this
subsection, we calculate the radial parts of the elements of the center Z(g®) of the
universal enveloping algebra U(g®) of g* acting on C$5(A;n, 7).
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Now, we express a C'°-function ¢ : A — V), as
(6.1) ola,) = Zci(r)vi)‘, a. € A, reR

with C*°-functions ¢;(r). The following lemma is a rewritting of the condition (3.1)
in terms of the expression (6.1).

Lemma 6.1. A non-zero C*-function ¢ : A — V) expressed as (6.1) belongs to
the space C39(A;n, m2) if and only if the following conditions are satisfied:

(1) k1+k2+>\1+>\2:0,
(2) (=1)f=tM"iei(r) = ci(—r).
(3) (kg + A — i)Ci(O) =0.

We can identify g© with g @ g in such way that X € gC corresponds to the
element X @ X, where X is the complex conjugate of X. Hence U (g®) is isomorphic
to U(g) ®c U(g). Tt is known that Z(g®) is generated by

91:QR®1, QQI].®QR, 21:Zp®]., ZQI].®ZP,

when it is considered as a subalgebra of U(g) ®c U(g), where Qg is the Casimir
operator of U(g) given by Qr = 3(—X3 + Y + Y#). In U(g"), these generators
correspond to

O = ${—X7 - X3 - X+ V7 + Y5 + Y5 +2V—1(XaV3 — V1 X, — Y2 X3)},
Q= H{—XT = X3 — XF+ V2 + Y7 + Y5 — 2V=1(XoYs — V1.X1 — Y2 X))},
Z1 = %(Zp —V—=1Z), Zy = %(Zp +V=1Z).

Proposition 6.2. Set £ = €?" (r € R), and let n and (15, Vy) be as above. Then
for o € CX(A;n, ma) expressed as in (6.1) and a, € A, we have

dx

IR+ Q2)lor) = 3| AdEesrpiha + BilEeutred
) + {462 + 46352 L+ Ci(O) failr)v?
+ Di()ei(r)vy + Ei()ei(r)vs)
— 2R( — Q2)plar) = 2[{@ + )26 + F (O fai(rvds + Gi(©e (v}
7 +{(dr =i+ )26 + Hi(©) feslr)vd,
R(Z1+ Zo)plar) = (s1+ 82)2@(7’)@3,
0 4

R(Z1 — Z2)p(ar) = (k1 + k2) Z ci(r)v} = —(A\1 + A2) Zci(r)v?,
=0 i=0
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where
2— 2 . . _
A;i(§) = (Ezﬁ) (i+1)(i+2), Bi(&) = ‘1(55(2€+1)12) §(i+ 1),
2 \? (g2 o2 o
Ci(§) = (gm) (5% + 2dxi — 22 + dy) + (2dxi — 2% + dy)
R G (462K + 46(E2 + DK (2 — dy) + 4€2(2i — dy)?},
2\ 2 ) _
D;(§) = 4‘(452%1)—21)5/(@ —i+1), Ei¢)= (E—ﬁ) (dy—i+1)(dy —i+2),
Fi(§) = (H‘l){ 5225116/ 222—54 1(2z+2—d,\)}
(f) £2+1 (21 - d)\)
Hz(g):(dk_l—f—l){gfflk/—f—z £2+1+£4 1(21—2_dk)}
Proof. First, note that the following two lemmas are obvious.

Lemma 6.3. For a, € A (r #0), we have g = Ad(a, )b+ a + L.

Lemma 6.4. Let f € C°.(H\G/K). For X € U(t%), Y € U(h%), Z € U(a®) and
ar € A, we have (Ad(a, ) ) ZX flar) =n(Y)T(=X)(Z[)(a,).

Now, the assertions in the proposition involving Z; + Z5 are obvious. Then, to
prove the assertions involving €1 4+ Qs, we express 1 + s as follows:

A+ W)= —X?— X - X24+Y2 4+ Y2+ V2
_ Y2 +1Y2
+ (52+1)2 {452 (Ad(a, ")Y1)? = 4€(€% — 1)(Ad(a, ')Y1) X2 — 462 X3}
+ i {4€°(Ad(a, ) X1)? — 44(6° + 1)(Ad(a, ) X1) X1 +46° X7}
—2v/-1(01 — Q ) =X,V —V1X; — Y2 X5
1)(3

=Y,

(Ad( NX1) Xz — g5 (Ad(a, Y1) X1 - 45 XX

E2+1
Here we have used the relations
2Ad(a, Y1 = (E+ &Y+ (-1 Xo,
2Ad(a, )Xy = (§+ €)X+ (6 - &7)Y3
Then, since Yap(a,) = 2£d—dE ©(a,), we obtain the proposition through direct com-
putation from Lemma 6.4 and the actions 7% and 7 given in §2.3. |

6.2. Explicit formula. Let IT* = 7! be an irreducible non-unitary principal series
representation of G, and let (7, V) be the minimal K-type of II; i.e.

[, >l v
(=, —1s), i1y < lo, A '

Moreover, let 7 = n* be a quasi character of H. If u € Z(g%), then u acts on IT*, and
hence on S, m(7a)|a, as a scalar operator x,. Therefore, for each ¢ € S, n(7a)|a
and u € Z(g®), we have the differential equation

(6.2) R(u)p(ar) = xuplar).
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Lemma 6.5.

2 12 171
X149 = %a X1 -0 = Zgl >
X2z1+7, = %1 + 22, X7z1-2, =l +la.
Proof. See Jacquet-Langlands [5, Lemma 6.1]. O

Now we solve the system of the differential equations represented by (6.2) for the
case dy =0, i.e. I’ =0, explicitly. Equation (6.2) for u = Z7 &+ Z5 simply yields the
condition (4.1) on the parameters necessary for the existence of non-zero Shintani
functions. Thus we only consider equation (6.2) for u = Q; + s, since it makes
no sense for u = 1 — s in the case we consider presently. Proceeding, if we write
¢(a,) as co(r)vy, then we have the equation

(6.3) - (452(1%22 +4¢ 35544_+11 d%) co(r) = (Co(&) — 2 + 4)co(r)

with

Co(¢) = (1) - (53—51)216’2.

Setting = = (%)2 = tanh? 2r and co(r) = x%(l —x) z,jzu(r), from (6.3), we

find that the function w(r) satisfies the hypergeometric equation (cf. [I, Chapter

2))

x(1 —x)fl%‘ +{c— (a—l—b—i—l)x}g—z —abu =0,
with

2/ s’ 24|k 2 s 24K 24|k
Zrs reriR | p=E2=stetik|
4 ) - 4 :

a =

Y c=

Then, since k¥’ = 0 (mod 2), the parameter ¢ is an integer, and hence we have
the unique C*°-solution u(r) = 2Fi(a, b;c;z) in the neighborhood of = 0, up to
constants.

Now, we have the following result.

Theorem 6.6. Let n = n* be a quasi character of H, and let I* = 7. be an
irreducible non-unitary principal series representation of G with the 1-dimensional
minimal K-type (15, V). If the parameters s, z, k, and | satisfy (4.1), the space
S,,(Ta) has a base whose radial part is given by

'UO7

1 2 t2 2 s 24|k | 2 —s 24K | 2+|K A
x4(1—m)42F1( 1 L 1 ], 2";3:)

with = tanh? 2r. Here o F} (a,b; c; ) is Gauss’s hypergeometric function.

Remark. We can demonstrate that the space S, (7x) is characterized by a sys-
tem of differential equations. The proof is similar to that used in the real case
[4, Proposition 6.1]. We define the Schmid operator V;jm : G (H\G/K) —
C2,ona,. (H\G/K) by

T

3
Vo f =3 Rvif®Yi= 3Ry f @wi — Ru,f ® wo — Ruyf ® we
i=1

for f € C. (H\G/K), where Rx f(g) = %f(g-exp(tX))h:O for X € g%, g € G.

T
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Moreover, we define the minus shift operator V, _ as the composition of V;jm
with the projector from V) ® pg into its irreducible component Vy_(; _yy. For

¢ € C3(A;nF, 1) as given in (6.1), the radial part of Vi 5, 1s given by

dx

2RV, )elar) = ({26 + L@ ey~ Y
=0
+ Ji(©)ei(ryor Y

+ {264 + Ki(© pes(ryor Y]

where

2 2

L(§) = g9k + 552 —dy) —2- 5p(i+ 1), Ji(§) =~z
2 2

Ki(§) = g7k + &35 (20 — dy) + 2 &1 (dy — i+ 1).

Theorem 6.7. Let n = n* be a quasi character of H, II* = 7\ be an irreducible
non-unitary principal series representation of G, and (1x, Vi) be the minimal K -type
of II. Then the following differential equations characterize the space Sy m(Ta)la C
Civ(A4;n,m\) of the Shintani functions:

(1) Ifdy =0, the equations represented by (6.2) withu = Q14+Q2 anduw = Z1+2Zs.
(2) Ifdy =1, the equations represented by (6.2) withu = Q1—Qs andu = Z1+2Zs.
(3) Ifdy > 2, the equations represented by (6.2) withu = Q1 —Qq andw = Z1+ 75,
and the equation R(V, ., )Jp(a,) = 0.
Using this characterization, we can also prove the uniqueness of the Shintani
functions.

REFERENCES

1. Erdélyi, A. et. al., Higher Transcendental functions I, McGraw-Hill, 1953. MR 15:419i

2. Flensted-Jensen, M., Spherical Functions on a Real Semisimple Lie Group. A Method of
Reduction to the Complex Case, J. Funct. Anal. 30 (1978), 106-146. MR 80f:43022

3. Heckman, G., Schlichtkrull, H., Harmonic analysis and special functions on symmetric spaces,
Perspectives in Math., vol.16, Academic Press, 1994. MR 96j:22019

4. Hirano, M., Shintani Functions on GL(2,R), Trans. Amer. Math. Soc. 352 (2000), 1709-1721.
MR.2000i:11076

5. Jacquet, H., Langlands, R. P., Automorphic forms on GL(2), Lecture Notes in Math., vol.
114, Springer-Verlag, 1970. IMR._54:5482

6. Knapp, A. W., Representation Theory of Semisimple Groups; An Overview Based on Exam-
ples, Princeton Univ. Press, 1986. MR 87j:22022

7. Moriyama, T., Spherical functions with respect to the semisimple symmetric pair (Sp(2,R),
SL(2,R) x SL(2,R)), J. Math. Sci. Univ. Tokyo 6 (1999), 127-179. [MR 2000§:22017

8. Murase, A., Sugano, T., Whittaker-Shintani Functions on the Symplectic Group of Fourier-
Jacobi Type, Compositio Math. 79 (1991), 321-349. MR 92k:11052

9. , Shintani function and its application to automorphic L-function for classical groups.
I. The case of orthogonal groups, Math. Ann. 299 (1994), 17-56. MR 96c¢:11054
10. , Shintani functions and automorphic L-functions for GL(n), Téhoku Math. J. 48

(1996), 165-202. MR, 97i:11056
11. Olafsson, G., Fourier and Poisson transformation associated to a semisimple symmetric
space, Invent. Math. 90 (1987), 605-629. MR, 89d:43011


http://www.ams.org/mathscinet-getitem?mr=15:419i
http://www.ams.org/mathscinet-getitem?mr=80f:43022
http://www.ams.org/mathscinet-getitem?mr=96j:22019
http://www.ams.org/mathscinet-getitem?mr=2000i:11076
http://www.ams.org/mathscinet-getitem?mr=54:5482
http://www.ams.org/mathscinet-getitem?mr=87j:22022
http://www.ams.org/mathscinet-getitem?mr=2000j:22017
http://www.ams.org/mathscinet-getitem?mr=92k:11052
http://www.ams.org/mathscinet-getitem?mr=96c:11054
http://www.ams.org/mathscinet-getitem?mr=97i:11056
http://www.ams.org/mathscinet-getitem?mr=89d:43011

1550 MIKI HIRANO

12. Tsuzuki, M., Real Shintani Functions and multiplicity free property for the symmetric pair
(SU(2,1),S(U(1,1) x U(1))), J. Math. Sci. Univ. Tokyo 4 (1997), 663-727. IMR 991:11066

13. Waldspurger, J. L., Correspondance de Shimura, J. Math. Pures Appl. (9) 59 (1980), 1-132.
MR, 83£:10029

DEPARTMENT OF MATHEMATICAL SCIENCES, FACULTY OF SCIENCE, EHIME UNIVERSITY, EHIME,
790-8577, JAPAN

E-mail address: hirano@math.sci.ehime-u.ac. jp


http://www.ams.org/mathscinet-getitem?mr=99f:11066
http://www.ams.org/mathscinet-getitem?mr=83f:10029

	1. Introduction
	2. Preliminaries
	2.1. Groups and algebras
	2.2. Integral formula
	2.3. Representations

	3. Shintani functions and radial part
	3.1. Shintani functions
	3.2. Radial part

	4. Uniqueness of Shintani functions
	5. Existence of Shintani functions
	5.1. Poisson integral
	5.2. Existence of Shintani functions

	6. Explicit formula
	6.1. Actions of elements in Z(gC)
	6.2. Explicit formula

	References

